We propose a source of multimode squeezed light that can be used for superresolving microscopy. This source is an optical parametric amplifier with a properly chosen diaphragm on its output and a Fourier lens. We demonstrate that such an arrangement produces squeezed prolate spheroidal waves that are the eigenmodes of the optical imaging scheme used in microscopy and discuss the conditions of the degree of squeezing and of the number of spatial modes in illuminating light.
Spatial behavior of nonclassical light is at present attracting increasing interest both in theory and in experiment. 1, 2 Quantum effects in optical imaging and other transverse spatial phenomena are studied within the framework of the European project Quantum Imaging. 3 One of the problems that was recently addressed in this context is the ultimate quantum limit of the optical resolution. 4 The classical diffraction limit formulated by Abbe and Rayleigh is not a fundamental limit as is, for example, the Heisenberg uncertainty relation. In recent publications it was theoretically demonstrated that, in principle, this limit can be beaten for both writing and reading of optical information.
Sub-diffraction-limited optical recording of information, coined as quantum lithography, uses a specially designed nonclassical light, N-photon entangled state, together with an N-photon absorber that allows one to reach theoretically a resolution of l͞N. 5, 6 In Ref. 4 , Kolobov and Fabre suggested a scheme that allows one to improve superresolution beyond the standard quantum limit in reconstruction of an optical object by use of multimode squeezed light.
In this Letter we demonstrate that an optical parametric amplif ier (OPA) with a properly chosen diaphragm on its output and a Fourier lens produces the squeezed prolate spheroidal waves used for superresolving microscopy. We investigate the dependence of the quantum statistics of the squeezed prolate spheroidal waves in our scheme on the physical parameters of the OPA and on the optical configuration. We formulate simple estimates of the number of object elements to be reconstructed in connection with the number of degrees of freedom in the nonclassical illuminating light.
The scheme of optical imaging with multimode squeezed light is shown in Fig. 1 (the one-dimensional case). The part of the scheme to the right of the object plane performs diffraction-limited imaging of an object of finite size X located in the object plane. 4 The part to the left of the object plane is an illumination scheme. It consists of a traveling-wave OPA placed in the source plane and Fourier lens L. The traveling-wave OPA with a plane-wave pump and a nonlinear crystal with a large transverse area creates a multimode squeezed vacuum on its output. 1 A new feature of our scheme is a diaphragm of size d s on the output of the OPA that serves for selection of the transverse modes in the squeezed state. As we demonstrate below, when the size of this diaphragm matches the size of the pupil, d s $ d, this setup squeezes the prolate spheroidal waves that are the eigenmodes of the imaging scheme. This result can be easily understood qualitatively. Indeed, when all three lenses in the scheme have the same focal distance f , as in Fig. 1 , lenses L and L 1 create a geometric image of the diaphragm d s in the pupil plane. Therefore, it is intuitively clear that one has to match diaphragm size d s and pupil size d to select the modes of the source that will pass through the imaging scheme.
Let us introduce the dimensionless coordinates in the object and the image planes as s 2x͞X and the dimensionless coordinates in the source and the pupil planes as j 2y͞d (see Fig. 1 ). The dimensionless photon annihilation operators in the source, object, pupil, and image planes are denotedĉ͑j͒,â͑s͒,f ͑j͒, andê͑s͒, respectively, where 
where c ͑p͞2͒ ͑dX͞lf ͒ is the space -bandwidth product of the imaging system. To obtain a canonical transformation of the photon annihilation and creation operators in the imaging scheme in Fig. 1 , one has to split coordinates s and j into two regions, the core, jsj # 1 and jjj # 1, corresponding to the central regions of the object (image) and the source (pupil), and the wings, jsj . 1 and jjj . 1, outside these areas. The orthonormal bases in these regions of the object (image) plane are given by
where l k are the eigenvalues of the corresponding prolate spheroidal functions c k ͑s͒, depending on space-bandwidth product c (from Refs. 7 and 8; for numerical examples, see Ref. 9 ). In terms of two sets, ͕w k ͑s͖͒ and ͕x k ͑s͖͒, we can write the annihilation operators in the source plane aŝ
Hereĉ k are the annihilation operators of prolate modes w k in the core region of the source plane, whiled k are the annihiliation operators of prolate modes x k in the wings. Operatorsĉ k andd k are expressed through field operatorĉ͑j͒ bŷ
In our analysis we use the following property of prolate spheroidal functions 8 :
Using Eqs. (2), (3), and (6), one can f ind the following propagation relations for the core and the wings of the light wave emitted by the source:
As is known, 4, 8 field prof iles c k ͑s͒ propagate from the object to the image plane, and orthogonal field prof iles u k ͑s͒ are absorbed in the pupil. Taking into account Eq. (4), we obtain 
Here the operatorsc in ͑q͒ at the input of the OPA are in the vacuum state. Complex coeff icients U ͑q͒ and V ͑q͒ depend on the nonlinear susceptibility of the crystal, its length, and the matching conditions in the OPA. Using the standard parameters of multimode squeezing, 1 we obtain
The phase of the amplif ied (stretched) quadrature amplitude of the OPA output f ieldc͑q͒ is u͑q͒. The operator amplitudesÂ k are found explicitly with Eqs. (5) and (8) . The quantitiesĉ in ͑j͒ and w k ͑j͒ are expressed through their Fourier transforms, Eqs. (9) and (7). After some calculation we obtain
For the variances of real quadrature components of field amplitudesÂ k ,Â k Â 1k 1 iÂ 2k , we obtain
Here the upper and the lower signs correspond to the even and the odd prolate spheroidal functions c k . It follows from this result that the prolate spheroidal waves c k in the object illumination can be prepared in a squeezed state. By proper choice of squeezing phase u͑q͒ at low spatial frequencies q one can minimize quantum f luctuations in one of the quadrature amplitudesÂ sk , s 1, 2 (namely, in the one detected in the image plane of our scheme). Taking the degree and the phase of squeezing as constant, r͑q͒ r, u͑q͒ u, we can estimate the variance of the squeezed quadrature amplitude, ͗͑DÂ sk ͒ 2 ͘ ϳ exp͑22r͒͞4. In reality the spatial-frequency band of multimode squeezing is limited by the phase-matching condition in the OPA and by the frequency dependence of the squeezing phase u͑q͒ due to diffraction in free space and inside the OPA.
As shown in Refs. 1 and 10, the effect of diffraction on squeezing can be almost perfectly compensated for by adjustment of the lens array. If this is done, it follows from Eqs. (12) and (13) that the degree of squeezing of prolate spheroidal waves depends on the overlap in the object plane of two areas: (i) the area illuminated by the squeezed plane wavesc͑q͒, which are focused by lens L to points s q͞c, and (ii) the area of the energy ͓ϳc 2 k ͑s͔͒ localization of the prolate spheroidal waves.
In the even and the odd components of the object field the different quadrature amplitudes are squeezed; for, say, u 0, the squeezed quadratures areÂ 1k andÂ 2k for the odd and the even prolate waves, respectively. In measurement this implies, e.g., spatially resolved homodyne detection with numerical evaluation of the odd or the even squeezed amplitudes, depending on the local oscillator phase.
Finally, we can formulate the conditions on multimode squeezing in the object illumination in terms of the number N of independent degrees of freedom in the light f ield, propagating through the diaphragm of the OPA (we assume here the optimum size d s d of the diaphragm). The spatial-frequency range q c of effective squeezing is related to the coherence length l c of output f ieldĉ͑j͒ by the estimate jq c j # pd͑͞2l c ͒. The minimum requirement on the OPA is that the effectively squeezed wavesc͑q c ͒ illuminate, after focusing by lens L, the object region jsj # 1. That is, the waves jq c j͞c $ 1 should be squeezed. This gives an estimate of the coherence length of l c # pd͑͞2c͒ and of the number N of independent degrees of freedom in the illuminating light emitted from region d of N ϳ d͞l c $ dX͑͞lf ͒ S. Here S is the Shannon number of our optical scheme.
As can be seen from Eqs. (7), the wave prof iles c k ͑s͒ can be expanded in terms of two bases, ͕w k ͑s͖͒ and ͕x k ͑s͖͒, representing the core and the wings of the illuminating field in the object plane, respectively. As is known from the theory of prolate spheroidal functions, 7, 8 the eigenvalues l k are close to 1 only for k # S, where S is the Shannon number. For higher values of index k the field energy in prolate spheroidal waves c k ͑s͒ is concentrated in the wings, i.e., outside the object area jsj # 1. Hence the condition N ϳ S provides effective squeezing of only the prolate spheroidal waves with k # S. To minimize quantum noise of the higher prolate spheroidal waves (with k $ S), it is necessary to use an OPA with a large number of effectively squeezed spatial modes of radiation, N . . S, and to illuminate by nonclassical light a spot in the object plane with the size much larger than the object itself.
When the condition N . . S is met, one can illuminate the object (within the area jsj # 1) by a bright classical wave with a properly chosen phase. Since for l k , , 1 our imaging scheme is analogous to a highly nonsymmetrical beam splitter, 4 the squeezed illumination is concentrated mainly in the wings of the object plane, which allows for low-noise measurement of the relevant amplitudes of the image f ield.
